In this paper, we study the asymptotic behavior of solutions for the partly dissipative lattice dynamical systems in weighted spaces. We first establish the dynamic systems on infinite lattice, and then prove the existence of the global attractor in weighted spaces by the asymptotic compactness of the solutions. It is shown that the global attractors contain traveling waves. The upper semicontinuity of the global attractor is also considered by finite-dimensional approximations of attractors for the lattice systems.
Introduction
In this paper, we investigate the asymptotic behavior of solutions for the following partly dissipative lattice dynamical system: where u = (u i ) i∈Z , υ = (υ i ) i∈Z , ν i , σ i > 0, α i β i > 0, f i is a nonlinear function satisfying f i ∈ C 1 (R × R, R), i ∈ Z, and satisfy some dissipative conditions; A is a positive, self-adjoint linear operator (see below); h = (h i ) i∈Z , g = (g i ) i∈Z belong to suitable spaces, which will be defined below.
Lattice dynamical systems occur in a wide variety of applications where the spatial structure has a discrete character. For example, chemical reaction theory, cellular neural networks with applications to image processing and pattern recognition, the models for the propagation of pules in myelinated axons where the membrane is excitable only at spatially discrete sites, material science, electrical engineering, laser, etc. See details in [1, 2, 4] . It is well known that electron and phonon dynamics in semiconductors are the earliest physical phenomena to be studied using the femtosecond laser. Since that time femtosecond lasers have been applied to study ultrafast processes in many different physical, chemical and biological systems, lattice dynamics is inevitably studied in semiconductors, especially GaAs and Si. In most experiments, low to medium electron-hole plasma densities are generated. Many processes at these densities include carriercarrier scattering, carrier relaxation by phonon emission, decay of optical to acoustic phonon, carrier diffusion, and carrier recombination via radiative and nonradiative mechanisms. It is necessary to establish lattice and make lattice structures clearly in investigating these densities' changing, which can effect the material structure and band structure. See details in [5] .
Due to the wide application of lattice dynamic systems, a great interests in the study has been raising. In most cases, they arise as spatial discretion of partial differential equations on unbounded domains. The long time behavior of solutions of partial differential equations on unbounded domains raise some difficulty, such as existence and uniqueness of solutions, lack of compactness of Sobolev embeddings for obtaining existence of global attractors, etc. In [9, 17, 21, 22] , asymptotic compactness of the solutions is used to obtain existence of compact absorbing set. Some authors consider them in weighted Sobolev spaces, and by decaying of weights at infinity, the corresponding semigroup is compact, see [18] [19] [20] . In [16] , authors consider them in locally uniform space. For infinite-dimensional lattice dynamical systems, stand theory of ordinary differential equations can be applier to obtain existence and uniqueness of solutions, see [6] [7] [8] 11, 23] . They proved the asymptotic compactness of the semigroup defined on infinitedimensional lattice, and hence established the existence of compact global attractors.
In [12] [13] [14] , authors investigate traveling wave solutions of lattice dynamical systems. For (1.1)-(1.3), the existence of global attractors in l 2 × l 2 have been proved in [23] . Since the underlying domain l 2 × l 2 has a translational invariance, the global attractor obtained in [23] excludes traveling waves. Recently, authors in [10] introduce a weighted l 2 space, and prove existence of global attractor in such space. See also in [15] . In this paper, motivated by this idea, we will prove that the lattice dynamical systems (1.1)-(1.3) has a global attractor in weighted space l 2 μ ×l 2 μ , which contains traveling waves. We will introduce a new weigh, define a semigroup on l 2 μ × l 2 μ , and obtain existence of compact global attractor by asymptotic compactness of the solutions and decaying of weighted function at infinity. The upper semicontinuity of the global attractor is also consider. This paper is organized as follows. In the next section, we derive some estimates on the solutions of (1.1)-(1.3), which will be used in defining a semigroup and the proof of existence of the global attractor in weighted space. In Section 3, we present the proof of the asymptotic compactness of the semigroup in weighted space and then conclude our results. In Section 4, we consider the upper semicontinuity of the global attractor by finite-dimensional attractor's approximations. Finally, we give some remarks.
Preliminaries
In order to begin our discussion, we first introduce our working space. Let φ be a positive smooth function on R, we denote by l 2 φ the Hilbert space defined by
with the norm · l 2 φ and inner product ·,· l 2 φ given by
For l 2 φ × l 2 φ , we endow with the inner product and norm as:
Notice that if φ = 1, i ∈ Z k , then the weighted space l 2 φ × l 2 φ coincide with the stard l 2 and l 2 × l 2 spaces define in [11] .
In the following, we consider the following partly dissipative lattice systems:
2) with the initial data
3)
and
Then we find that
In view of (2.1)-(2.3), it is clear that if
Since α i β i > 0, we assume through-out this paper and without loss of generality that α i and β i are both positive, i ∈ Z.
In the following, we give some assumption on nonlinear function f i ∈ C 1 (R × R, R), and ν i , σ i ∈ R: 
(H 3 ) There exist positive constants ν 0 , ν 0 , α 0 , α 0 , β 0 , β 0 , σ 0 , σ 0 such that
In this paper, we define a weighted function
where μ satisfy 0 < μ < 1 and
For convenience, hereafter let l 2 μ and l 2 μ × l 2 μ be the weighted spaces l 2
with the initial data
By the standard theory of ordinary differential equations, the following results are proved in [23] . 
S(t)B ⊂ O, ∀t T (B), where r 0 depends on (h, g, ν, σ, α, β), T (B) depends on (h, g, ν, σ, α, β, B).
Under Lemmas 2.1 and 2.2, we can define a continuous semigroup {S(t)} t 0 on l 2 × l 2 . Since l 2 × l 2 is contained in the weighted space l 2 μ × l 2 μ , the solutions of (2.10)-(2.12) in l 2 μ × l 2 μ are actually functions in l 2 μ × l 2 μ . Next, we establish the Lipschitz continuity of the solutions of (2.10)-(2.12) in l 2 μ × l 2 μ , and extend continuous semigroup from
is the unique solution of problem (2.10)-(2.12).
Proof. Let w
are two solutions of problem (2.10)-(2.12) with h replaced by h 1 and h 2 , g replaced by g 1 and g 2 , respectively. Note that (w, θ ) satisfẏ
Taking the inner product of (2.13) with βw in l 2 μ , we get 1 2
Taking the inner product of (2.14) with αθ in l 2 μ , we get 1 2 18) and also find that
(2.20)
We also have 
Using Gronwall lemma, we get that for t
thus,
From (2.27), we obtain that given T > 0, there is a mapping G from
) is the unique solution of problem (2.1)-(2.3). Furthermore, the mapping G is continuous from
and by Lemmas 2.1 and 2.2, we can define a semigroup S(t) :
Clearly, {S(t)} t 0 is a continuous semigroup. The proof is complete. 2
Global attractors
In this section, we show the existence of a global attractor for problem (2.1)-(2.3) in l 2 μ × l 2 μ . To obtain the existence of a global attractor, the main task is obtaining the compact absorbing set. When the domains are unbounded, it is not easy. Here we use both decaying of weighted function at infinity and asymptotic compactness to obtain compact absorbing set. In this case, we obtain the global attractor which contains traveling waves. For our purpose, we need the following well-known result which come from [3, 24, 25] .
Lemma 3.1. Assume that Y is a metric space and {S(t)} t 0 is a semigroup of continuous operator in Y . If {S(t)} t 0 has a bounded absorbing set and is asymptotically compact, then {S(t)} t 0 has a global attractor in Y . Furthermore, for each u ∈ Y , if S(t)u is continuous from (0, +∞) to Y , then the global attractor is connected.
Now we prove the semigroup defined on l 2 μ × l 2 μ by Lemma 2.3 has a bounded absorbing set.
Lemma 3.2. Assume that (H 1 )-(H 3 ) hold and g, h ∈ l 2 μ . Then there exists a positive constant M depending only on (ν, σ, α, β, h, g) such that any solution (u, v) of problem (2.10)-(2.12) satisfies
u 2 l 2 μ + v 2 l 2 μ M, for all t T 1 ,(3.
1)
where
Proof. Taking the inner product of (2.10) with βu in l 2 μ , we get
Similarly, taking the inner product of (2.11) with αv in l 2 μ , we get
As in (2.20), we have
Applying assumption (H 1 ), we have
summing up (3.2) and (3.3), from (3.4)-(3.7) we have
Since μ satisfies (2.9), we obtain 9) where
In the following, we denote by O the ball
where M is the positive constant in (3.1). It follows from Lemma 3.2 that O is an absorbing set for
there exists a constant T 1 (B) depending only on the data (B, ν, σ, α, β, h, g) such that for t T 1 (B), S(t)B ⊂ O.
In particular, there exists a constant T depending only on (ν, σ, α, β, h, g) such that
Next, we derive the estimates on solutions for large time and space variables, which will be used to prove the asymptotic compactness of the semigroup {S(t)} t 0 . We need to establish uniform estimates on "tail ends" of the solutions.
Proof. Choose a smooth increasing function θ such that 0 θ 1 for s ∈ R + , and 
Taking the inner product of (3.12) with ω and (3.13) with ψ in l 2 μ , we have
Now, we estimate every term in (3.14) and (3.15). By assumptions (H 1 ) and (H 3 ), we have
we have
Summing up (3.14)-(3.15), from (3.16)-(3.22) and (3.26) we have
Let K := min{η − ν 0 μe μ , σ 0 }. Notice that μ satisfies (2.9), we obtain that K > 0, 2 − 3μe μ > 0. Since h, g ∈ l 2 μ , by assumption (H 3 ), there exists N 1 ( ) such that for all N > N 1 ( ), the righthand side of (3.27) is less than , i.e., for t T , N N 1 ( ), we have
(3.28)
By Gronwall lemma, from above we get
The proof is complete. 2
By Lemma 3.3, we have the following conclusion.
The proof is similar to Theorem 3.1 in [11] and Lemma 3.2 in [6] . Also see [10, Theorem 3.2] . From Lemmas 3.1-3.2 and Theorem 3.1, we state our main result. 
Upper semicontinuity of attractor
In this section, we present the approximation to the global attractor A obtained in Theorem 3.2 by the global attractors of finite-dimensional lattice dynamic systems. We first consider finitedimensional approximation systems for problem (2.1)-(2.3) on finite lattice and establish the existence of global attractors for it, then show that the global attractors of this approximation systems converge to the infinite-dimensional attractors of the original systems as the dimensions of approximation systems go to infinity. This establish the upper semicontinuity of the global attractors for systems (2.1)-(2.3). For the sake of simplicity, let f (u, Bu) is independent on Bu.
For every positive n 1, let
For every i ∈ Z n , we consider the vector ω = (ω i ) |i| n , ψ = (ψ i ) |i| n in R 2n+1 . Let us consider the following ordinary equations with the initial data in R 2n+1 × R 2n+1 :
Systems (4.2)-(4.4) can be written aṡ
8)
For any two elements
, i ∈ Z n , the inner product and the norm of l 2 μ can be defined as
It is easy to see that
) is a Hilbert space. Similar to [23, Section 2] , it is not difficult to verify that problem (4.5)-(4.7) is well posed in R 2n+1 × R 2n+1 , that is, for any initial value (ω(0), Since R 2n+1 × R 2n+1 is finite-dimensional, the bounded sets in R 2n+1 × R 2n+1 are precompact. Therefore, it follows that the semigroup {S n (t)} t 0 has a global attractor A n ⊂ O n . 
Final remarks
In [7, 8, 23] , the linear operator A has the following decomposition: 
